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 A B S T R A C T

The aim of this research is to obtain soliton solutions for the generalized reaction Duffing model, a framework 
that generalizes many important models that illustrate key phenomena in science and engineering. In contrast 
to regular harmonic motion, this equation describes the motion of a damped oscillator with a more complex 
potential. We used the Kumar–Malik method in this work to obtain analytical solutions for the generalized 
reaction Duffing model, which is the first time this method has been used to extract soliton solutions 
in this particular setting. The equation is first reformulated as a nonlinear ordinary differential equation 
using traveling wave transformation. The approach proves particularly effective in handling nonlinear partial 
differential equations, yielding hyperbolic, Jacobi elliptic, trigonometric, and exponential function solutions 
under appropriate parameter constraints. A variety of innovative solutions emerge, including periodic wave 
solutions, dark compacton waves, kink waves, singular kink waves, bright solitons, breather waves, and 
singular-shaped solitons via the Kumar–Malik method. The solutions are then shown visually to demonstrate 
the wave behavior under various conditions. Our findings enhance the comprehension of the Duffing equation’s 
behavior across different physical contexts. The research uses extensive 2D and 3D graphic plot solutions of 
the proposed solutions for a better graphical understanding of the physical perimeters of solutions and proves 
the feasibility of the proposed method in solving complex nonlinear equations. The Chaotic analysis has also 
been discussed by perturbation term and initial conditions. It is important to note that the proposed methods 
are competent, credible, and interesting analytical tools for solving nonlinear partial differential equations. 
In addition, these solutions represent a valuable resource for the understanding of the complex behavior of 
physical systems, as well as for inspiring future research.
Introduction

Nonlinear evolution equations (NLEEs) represent many real-world 
phenomena [1,2]. The analysis of these equations is made difficult due 
to their inherent nonlinear characteristics, such that even very small 
changes in governing parameters can result in significant changes in 
their behavior. This complexity calls for definitive solutions of NLEEs. 
Traveling wave (TW) solutions to nonlinear partial differential equa-
tions (NLPDEs) have proved to be precise solutions that are crucial 
to advancing many scientific and engineering disciplines [3]. Investi-
gation of nonlinear physical processes, including low pressure wave 
propagation, chemical dynamics, geochemistry, computational physics, 
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plasma physics, fluid mechanics, quantum field theory, etc., require 
these solutions [4–10].

Numerous nonlinear evolution equations define analytical solutions 
to these intricate processes, which spark intense interest in the math-
ematical community to create robust and effective techniques for lo-
cating analytical solutions [11]. The particular NLEE types that only 
offer responses based on particular combinations of elements (such as 
TW variables) are particularly noteworthy. In order to simulate the 
propagation of strong laser pulses across nonlinear optical medium and 
study phenomena like self-phase modulation and soliton self-focusing, 
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complex soliton solutions are necessary. Fiber optics for long-distance 
communication applications need soliton technology [12,13].

Nonlinear partial differential equations are crucial for modeling 
many mathematical physical systems, involving the derivation of ana-
lytical solutions. Durable methodologies produced effective techniques 
for treating NLPDEs. The primary approaches used include the 𝜙6

model expansion method [14–16], the Hirota bilinear method [17,18], 
the innovative Kudryashov approach [19,20], and a novel auxiliary 
equation method [21]. Ultimately, the expansion technique for the 
sinh-Gordon equation [22], the Modified Exp-function and Kudryashov 
methods [23,24], the generalized Riccati equation mapping (GREMM) 
method [25–27], the q-HATM techniques [28], the Khater II method
[29], and the Sardar Sub equation method [29] constitute additional 
significant methodologies. The notable contributions include the gen-
eralized Khater (GK) technique employing Atangana’s conformable 
fractional derivative operator [30], the auto-Backlund transformation 
method [31], Jacobi elliptic function techniques [32], the Jacobi ellip-
tic function expansion (JEFE) method [33], the modified exponential 
rational functional method [34], and the undetermined coefficients 
method [35]. These methods increase the accuracy in solving such 
complex equations while at the same time increasing the computational 
efficiencies.

The generalized reaction Duffing model (GRDM) is a significant 
mathematical framework available in physics. The Duffing equation is a 
description of a problem of cubic nonlinearity that was first published 
in a comprehensive treatise by the German engineer George Duffing 
in 1918 [36]. It is seen that this equation possesses a broad range of 
established properties in nonlinear dynamical systems and provides an 
important tool for researchers studying such systems. It has been the 
object of attention from chaos theorists since the 1970s as one of the 
simplest equations presenting chaotic behavior in dynamical systems. 
In [37], the chaotic dynamics of the fractionally damped Duffing 
equation are discussed. Furthermore, in shallow regions above a flat 
seafloor, nonlinear models such as the GRDM exhibit notable spectral 
energy transfer for finite amplitude waves. In mechanical contexts, the 
Duffing equation is adept at modeling nonlinear vibrations, particularly 
in mechanical structures subjected to external forces or excitations.

Recently in (2024), Cortez et al. [38] studied the generalized reac-
tion Duffing equation and developed traveling wave solutions by using 
mapping method and Bernoulli sub-ODE approach. Tariq et al. [39] 
derived the fractional solitons by using extended modified auxiliary 
equation mapping method for the considered model. Razzaq et al. [40] 
utilized modified 𝐺′

𝐺2 −expansion method and construed some analytical 
exact solution of the generalized reaction Duffing equation. In (2025), 
said et al. [41] applied the Sardar Sub-equation method and established 
soliton solutions for the considered model. This on going study inspired 
me to conduct this study because all utilized techniques in above-
mentioned study constructed soliton solutions with trigonometric and 
hyperbolic functions, but the solutions with Jacobi elliptic function for 
the considered model were missing and gap in literature. Secondly, 
there is not existing study on generalized reaction-Duffing equation 
in which chaos analysis studied. Thus, in order to fill this study gap, 
this study is carried out and generalized reaction-Duffing equation is 
investigating by the Kumar–Malik method that is developed recently in 
(2024), based on the first-order differential equation introduced by Ku-
mar and Malik [42] which enable us to develop Jacobi elliptic function 
based solutions. The solutions manifest as Jacobian elliptic function, 
hyperbolic, trigonometric, and exponential functions, illustrating the 
extensive applicability of these techniques. Notably, these results have 
not been established in previous studies because the Kumar–Malik 
method has not been used to find exact solutions for GRDM until now. 
On the other hand, the dynamical aspects are also displaying by using 
the chaos analysis.  However, variational method, Kudryashov method, 
Sardar sub-equation, and the bilinear method are also powerful ap-
proaches which can use to find soliton solutions such as, Wang [43,44] 
2 
utilized variational and the bilinear methods to develop soliton solu-
tions for B-type Kadomtsev–Petviashvili and Chou et al. [45,46] used 
Kudryashov’s method and Sardar sub-equation method to construct 
soliton solutions. 

The paper is organized as follows: Section ‘‘Description of Kumar–
Malik method’’ outlines the Kumar–Malik method core algorithm, 
respectively. In Section ‘‘Application of the method’’, the paper de-
rives exact solutions for the generalized reaction Duffing model using 
the proposed technique. The graphical demonstration is presented in 
Section ‘‘Graphical representation and its behavior’’. We discuss the 
chaotic analysis in Section ‘‘Chaotic analysis’’. The paper concludes in 
Section ‘‘Conclusion’’.

Description of Kumar–Malik method

In this section, we outline the Kumar–Malik method to solve the 
Duffing model of the generalized reaction.

Suppose the following non-linear evolution equation for (𝑥, 𝑡): 
𝛱( ,𝑥,𝑡,𝑥𝑥,𝑡𝑡,…) = 0, (1)

Step 1. Using the wave transformation technique: 
(𝑥, 𝑡) = 𝛹 (𝜓), 𝜓 = 𝑛0 𝑥 − 𝑘𝑡, (2)

where 𝑛0 and 𝑘 denote wave number and velocity, respectively. Substi-
tuting Eq. (2) in Eq. (1) yields an ODE for 𝛹 (𝜓): 
𝛥(𝛹,𝛹

′
, 𝛹

′′
, 𝛹

′′′
, 𝛹

′′′′
,…) = 0, (3)

the exponents of 𝛹 indicate differentiation with respect to 𝜓 .
Step 2. Consider the solution for Eq. (3) to take the following form: 
𝛹 (𝜓) = 𝜇0 + 𝜇1𝛶 (𝜓) + 𝜇2𝛶 (𝜓)2 +⋯ ... + 𝜇𝑀𝛶 (𝜓)𝑁 , (4)

where the constants 𝜇𝑖 (𝑖 = 1, 2,… ,𝑀) are undetermined, and the 
function 𝛶 (𝜓) is subject to the first-order ODE:

𝛶
′
(𝜓) =

√

𝜉1𝛶 (𝜓)4 + 𝜉2𝛶 (𝜓)3 + 𝜉3𝛶 (𝜓)2 + 𝜉4𝛶 (𝜓) + 𝜉5, (5)

where 𝜉′𝑗𝑠(𝑗 = 1, 2, 3, 4, 5) are arbitrary constants.
Step 3. To determine 𝑁 in Eq. (3), we apply balancing techniques, 

equating the highest-order derivative with the highest-degree nonlinear 
term to attain equilibrium within the equation.

Step 4. Substituting Eq. (4) and its derivatives from Eq. (5) into 
Eq. (3) yields a polynomial in 𝛶 (𝜓)𝛶 ′(𝜓). By organizing the coefficients 
of each power and setting them to zero, we derive a system of equations 
to get the values of unknown parameters 𝐾0, 𝜇𝑖(𝑖 = 1, 2,… , 𝑁), and 
𝜉𝑗 (𝑗 = 1, 2, 3, 4, 5). The solutions to this system provide the exact 
solutions to Eq. (3).

Step 5. The solutions of Eq. (3) and the transformation in Eq. (2) 
yield multiple exact solutions for the NLPDE in Eq. (1).

Solutions of Eq. (5)
Case 1: When 𝜉4 =

𝜉2(4𝜉1𝜉3−𝜉22 )

8𝜉21
 and 𝜉5 = 0, the general solution to 

Eq. (5) is expressed in terms of Jacobi elliptic functions:
Sub-case 1.1: If 𝜉1 < 0, (4𝜉1𝜉3 − 𝜉22 ) > 0. 

𝛶1(𝜓) = −
𝜉2
4𝜉1

±
𝜉2
4𝜉1

𝑐𝑛

(

√

−𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

𝜉2

2
√

(4𝜉1𝜉3 − 𝜉22 )

)

, (6)

𝛶2(𝜓) = −
𝜉2
4𝜉1

±
𝜉2
4𝜉1

𝑑𝑛

(

𝜉2
4
√

−𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )

𝜉2

)

. (7)

Sub-case 1.2: If 𝜉1 < 0, (4𝜉1𝜉3 − 𝜉22 ) < 0, (16𝜉1𝜉3 − 5𝜉22 ) < 0.

𝛶3(𝜓) = −
𝜉2 ±

√

−(16𝜉1𝜉3 − 5𝜉22 )
𝑐𝑛
4𝜉1 4𝜉1
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×

(

√

𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

2(4𝜉1𝜉3 − 𝜉22 )

)

, (8)

𝛶4(𝜓) = −
𝜉2
4𝜉1

±

√

−(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝑑𝑛

×

(

√

𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

(16𝜉1𝜉3 − 5𝜉22 )

)

. (9)

Sub-case 1.3: If 𝜉1 < 0, (4𝜉1𝜉3 − 𝜉22 ) > 0, (16𝜉1𝜉3 − 5𝜉22 ) < 0.

𝛶5(𝜓) = −
𝜉2
4𝜉1

±

√

−(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝑛𝑐

×

(

√

−𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

𝜉2

2
√

(4𝜉1𝜉3 − 𝜉22 )

)

, (10)

𝛶6(𝜓) = −
𝜉2
4𝜉1

±

√

−(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝑛𝑑

(

𝜉2
4
√

−𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )

𝜉2

)

.

(11)

Sub-case 1.4: If (4𝜉1𝜉3 − 𝜉22 ) > 0, (4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 ) > 0.

𝛶7(𝜓) = −
𝜉2
4𝜉1

±
𝜉2
4𝜉1

𝑛𝑐

×

(

√

𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

2(4𝜉1𝜉3 − 𝜉22 )

)

, (12)

𝛶8(𝜓) = −
𝜉2
4𝜉1

±
𝜉2
4𝜉1

𝑛𝑑

×

(

√

𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

(16𝜉1𝜉3 − 5𝜉22 )

)

. (13)

Sub-case 1.5: If 𝜉1 > 0, (16𝜉1𝜉3 − 5𝜉22 ) < 0. 

𝛶9(𝜓) = −
𝜉2
4𝜉1

±
𝜉2
4𝜉1

𝑛𝑠

(

𝜉2
4
√

𝜉1
𝜓,

√

−(16𝜉1𝜉3 − 5𝜉22 )

𝜉2

)

, (14)

𝛶10(𝜓) = −
𝜉2
4𝜉1

±

√

−(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝑛𝑠

×

(

√

−𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

𝜉2
√

−(16𝜉1𝜉3 − 5𝜉22 )

)

, (15)

𝛶11(𝜓) = −
𝜉2
4𝜉1

±

√

−(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝑠𝑛

(

𝜉2
4
√

𝜉1
𝜓,

√

−(16𝜉1𝜉3 − 5𝜉22 )

𝜉2

)

,

(16)

𝛶12(𝜓) = −
𝜉2
4𝜉1

±
𝜉2
4𝜉1

𝑠𝑛

(

√

−𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

𝜉2
√

−(16𝜉1𝜉3 − 5𝜉22 )

)

.

(17)

In Jacobi elliptic functions, the second argument is the modulus, 
e.g., 𝑠𝑛(𝜓, 𝑞).

Case 2: When 𝜉4 =
𝜉2(4𝜉1𝜉3−𝜉22 )

8𝜉21
 and 𝜉5 =

(4𝜉1𝜉3−𝜉22 )
2

64𝜉31
, Eq. (5) exhibits 

hyperbolic and trigonometric solutions, where X = 8𝜉 𝜉 − 3𝜉2.
1 3 2

3 
Sub-case 2.1: If 𝜉1 > 0, X < 0. 

𝛶13(𝜓) = −
𝜉2
4𝜉1

±

√

−X
4𝜉1

tanh

(
√

−𝜉1X
4𝜉1

𝜓

)

, (18)

𝛶14(𝜓) = −
𝜉2
4𝜉1

±

√

−X
4𝜉1

coth

(
√

−𝜉1X
4𝜉1

𝜓

)

, (19)

Sub-case 2.2: If 𝜉1 > 0, X > 0. 

𝛶15(𝜓) = −
𝜉2
4𝜉1

±

√

X

4𝜉1
tan

(
√

𝜉1X
4𝜉1

𝜓

)

, (20)

𝛶16(𝜓) = −
𝜉2
4𝜉1

±

√

X

4𝜉1
cot

(
√

𝜉1X
4𝜉1

𝜓

)

, (21)

Case 3: When 𝜉4 =
𝜉2(4𝜉1𝜉3−𝜉22 )

8𝜉21
 and 𝜉5 =

𝜉22 (16𝜉1𝜉3−5𝜉
2
2 )

256𝜉31
, Eq. (5) exhibits 

hyperbolic and trigonometric solutions:
Sub-case 3.1: If 𝜉1 < 0, X < 0. 

𝛶17(𝜓) = −
𝜉2
4𝜉1

±

√

−2X
4𝜉1

𝑠𝑒𝑐ℎ

(
√

2𝜉1X
4𝜉1

𝜓

)

. (22)

Sub-case 3.2: If 𝜉1 > 0, X > 0. 

𝛶18(𝜓) = −
𝜉2
4𝜉1

±

√

2X
4𝜉1

𝑐𝑠𝑐ℎ

(
√

2𝜉1X
4𝜉1

𝜓

)

. (23)

Sub-case 3.3: If 𝜉1 > 0, X < 0. 

𝛶19(𝜓) = −
𝜉2
4𝜉1

±

√

−2X
4𝜉1

sec

(
√

−2𝜉1X
4𝜉1

𝜓

)

. (24)

𝛶20(𝜓) = −
𝜉2
4𝜉1

±

√

−2X
4𝜉1

csc

(
√

−2𝜉1X
4𝜉1

𝜓

)

. (25)

Case 4: Substituting 𝜉2 = 𝜉4 = 𝜉5 = 0 and 𝜉3 > 0 yields a solution to 
Eq. (5) in the following form: 

𝛶21(𝜓) =
4𝜌𝜉3

(

4𝜌2𝑒
√

𝜉3𝜓 − 𝜉1𝜉3𝑒−
√

𝜉3𝜓
) , (26)

by taking 𝜉1 = − 4𝜌2
𝜉3
, solution Eq. (26) reduces to 

𝛶22(𝜓) =
𝜉3
2𝜌
𝑠𝑒𝑐ℎ(−

√

𝜉3𝜓), (27)

while by taking 𝜉1 = 4𝜌2
𝜉3
, solution Eq. (27) reduces to 

𝛶23(𝜓) =
𝜉3
2𝜌
𝑐𝑠𝑐ℎ(−

√

𝜉3𝜓). (28)

The generalized reaction-Duffing model

The generalized reaction Duffing model as follows [38]: 
𝑡𝑡 + 𝛿𝑥𝑥 + 𝜔 + 𝑝2 + 𝜅3 = 0, 𝑡 > 0, (29)

where 𝛿, 𝜔, 𝑝, and 𝜅 are constants. If 𝑝 = 0, then Eq. (1) converts into, 
𝑡𝑡 + 𝛿𝑥𝑥 + 𝜔 + 𝜅3 = 0. (30)

The model depicts the motion of a damped oscillator with a more 
complex potential than in basic harmonic motion. The addition of 
quadratic and cubic nonlinear elements enables the model to describe a 
wide range of oscillatory behaviors, including hardening and softening 
spring effects. The term 𝛿𝑥𝑥 represents spatial diffusion or dispersion, 
allowing the model to simulate wave propagation in different mediums. 
The simplified equation continues to model a nonlinear wave but 
does not include the quadratic interaction element. This could indicate 
instances in which the wave’s amplitude has no substantial effect on 
its quadratic propagation. However, the cubic term enables for the 
investigation of wave behaviors such as solitary waves or other types of 
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nonlinearity, but with potentially different dynamics than the original 
equation. Let us consider the traveling wave transformation as: 
(𝑥, 𝑡) = 𝛹 (𝜓), 𝜓 = 𝑛0 𝑥 − 𝑘𝑡, (31)

where 𝑛0 and 𝑘 denote wave number and velocity, respectively. Substi-
tuting Eq. (31) in Eq. (30) yields an ODE for 𝛹 (𝜓): 
(𝑘2 + 𝛿𝑛20)𝛹

′′ + 𝜔𝛹 + 𝜅𝛹 3 = 0. (32)

Application of the method

In order to find the soliton solutions, Balancing the highest-order 
derivative 𝛹 ′′ with the nonlinear term 𝛹 3 from Eq. (32) results in 
𝑁 = 1. Therefore, for 𝑁 = 1, Eq. (4) simplifies to

𝛹 (𝜓) = 𝜇0 + 𝜇1𝛶 (𝜓), (33)

by substituting Eq’s. (5) and (33) into Eq. (32) and equating each 
coefficient of 𝛶 (𝜓)(𝑖 = 0, 1, 2, 3) to zero, the resulting expressions are 
derived as follows: 
(𝛶 (𝜓))0 ∶ 1

2
𝜇1𝜉4𝛿𝑛

2
0 +

1
2
𝜇1𝜉4𝑘

2 + 𝜔𝜇0 + 𝜅𝜇30 = 0,

(𝛶 (𝜓))1 ∶ 𝛿𝜇1𝑛20𝜉3 + 𝑘
2𝜇1𝜉3 + 3𝜅𝜇20𝜇1 + 𝜔𝜇1 = 0,

(𝛶 (𝜓))2 ∶ 3
2
𝜇1𝜉2𝛿𝑛

2
0 +

3
2
𝜇1𝜉2𝑘

2 + 3𝜅𝜇0𝜇21 = 0,

(𝛶 (𝜓))3 ∶ 2𝛿𝜇1𝑛20𝜉1 + 2𝑘2𝜇1𝜉1 + 𝜅𝜇31 = 0.

(34)

The Maple program is used and applied on the given system to find the 
solution and get results.

Case 1:Under the parameters 𝜉4 =
𝜉2(4𝜉1𝜉3−𝜉22 )

8𝜉21
, 𝜉5 = 0 the solution of 

system (34) is, 

𝜇0 = ±
√

𝜔
𝜅 X

𝜉2, 𝜇1 = ±4
√

𝜔
𝜅 X

𝜉1, 𝛿 = −
𝑘2X + 8𝜔𝜉1

𝑛20 X
, (35)

where X = 8𝜉1𝜉3 − 3𝜉22 .
Substituting into (33) and applying (6)–(17), the elliptic Jacobi 

solutions of (30) are obtained: 

(𝑥, 𝑡) = 𝛹 (𝜓) = ±
√

𝜔
𝜅 X

𝜉2 ± 4
√

𝜔
𝜅 X

𝜉1𝛶 (𝜓). (36)

Sub-case 1.1: If 𝜉1 < 0, (4𝜉1𝜉3 − 𝜉22 ) > 0. 

1(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 𝑐𝑛

(

√

−𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

𝜉2

2
√

(4𝜉1𝜉3 − 𝜉22 )

)

,

(37)

the periodic wave solution of (37) is illustrated in Fig.  1. 

2(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 𝑑𝑛

(

𝜉2
4
√

−𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )

𝜉2

)

. (38)

Sub-case 1.2: If 𝜉1 < 0, (4𝜉1𝜉3 − 𝜉22 ) < 0, (16𝜉1𝜉3 − 5𝜉22 ) < 0. 

3(𝑥, 𝑡) = ±

√

−𝜔 (16𝜉1𝜉3 − 5𝜉22 )
𝜅 X

𝑐𝑛

×

(

√

𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

2(4𝜉1𝜉3 − 𝜉22 )

)

,

(39)

4(𝑥, 𝑡) = ±

√

−𝜔 (16𝜉1𝜉3 − 5𝜉22 )
𝜅 X

𝑑𝑛

×

(

√

𝜉1(16𝜉1𝜉3 − 5𝜉22 )
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )
2

)

.

(40)
4𝜉1 (16𝜉1𝜉3 − 5𝜉2 )

4 
Sub-case 1.3: If 𝜉1 < 0, (4𝜉1𝜉3 − 𝜉22 ) > 0, (16𝜉1𝜉3 − 5𝜉22 ) < 0. 

5(𝑥, 𝑡) = ±

√

−𝜔 (16𝜉1𝜉3 − 5𝜉22 )
𝜅 X

𝑛𝑐

×

(

√

−𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

𝜉2

2
√

(4𝜉1𝜉3 − 𝜉22 )

)

,

(41)

6(𝑥, 𝑡) = ±

√

−𝜔 (16𝜉1𝜉3 − 5𝜉22 )
𝜅 X

𝑛𝑑

(

𝜉2
4
√

−𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )

𝜉2

)

.

(42)

Sub-case 1.4: If (4𝜉1𝜉3 − 𝜉22 ) > 0, (4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 ) > 0. 

7(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 𝑛𝑐

×

(

√

𝜉1(4𝜉1𝜉3 − 𝜉22 )

2𝜉1
𝜓,

√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

2(4𝜉1𝜉3 − 𝜉22 )

)

,

(43)

8(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 𝑛𝑑

×

(

√

𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

2
√

(4𝜉1𝜉3 − 𝜉22 )(16𝜉1𝜉3 − 5𝜉22 )

(16𝜉1𝜉3 − 5𝜉22 )

)

.

(44)

Sub-case 1.5: If 𝜉1 > 0, (16𝜉1𝜉3 − 5𝜉22 ) < 0. 

9(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 𝑛𝑠

(

𝜉2
4
√

𝜉1
𝜓,

√

−(16𝜉1𝜉3 − 5𝜉22 )

𝜉2

)

, (45)

the dark compacton wave solution of (45) is illustrated in Fig.  2. 

10(𝑥, 𝑡) = ±

√

−𝜔 (16𝜉1𝜉3 − 5𝜉22 )
𝜅 X

𝑛𝑠

×

(

√

−𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

𝜉2
√

−(16𝜉1𝜉3 − 5𝜉22 )

)

,

(46)

11(𝑥, 𝑡) = ±

√

−𝜔 (16𝜉1𝜉3 − 5𝜉22 )
𝜅 X

𝑠𝑛

(

𝜉2
4
√

𝜉1
𝜓,

√

−(16𝜉1𝜉3 − 5𝜉22 )

𝜉2

)

,

(47)

12(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 𝑠𝑛

(

√

−𝜉1(16𝜉1𝜉3 − 5𝜉22 )

4𝜉1
𝜓,

𝜉2
√

−(16𝜉1𝜉3 − 5𝜉22 )

)

.

(48)

Case 2: With the parameters 𝜉4 =
𝜉2(4𝜉1𝜉3−𝜉22 )

8𝜉21
, 𝜉5 =

(4𝜉1𝜉3−𝜉22 )
2

64𝜉31
, the system 

(34) passes the solution set as follow:

𝜇0 = ±
√

𝜔
𝜅 X

𝜉2, 𝜇1 = ±4
√

𝜔
𝜅 X

𝜉1, 𝛿 = −
𝑘2X + 8𝜔𝜉1

𝑛20 X
, (49)

where X = 8𝜉1𝜉3 − 3𝜉22 .
Substituting into (33) and using (18)–(21) gives the hyperbolic and 

trigonometric solutions for (30): 

(𝑥, 𝑡) = 𝛹 (𝜓) = ±
√

𝜔
𝜅 X

𝜉2 + ±4
√

𝜔
𝜅 X

𝜉1𝛶 (𝜓), (50)

Sub-case 2.1: If 𝜉1 > 0, X < 0. 

13(𝑥, 𝑡) = ±
√

−𝜔 𝜉2 tanh

(
√

−𝜉1X 𝜓

)

, (51)

𝜅 X 4𝜉1
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Fig. 1. 3D, 2D contour, and 2D representations of elliptic Jacobi solutions of 1 as periodic waveforms for 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, 𝑘 = 0.6.
Fig. 2. 3D, 2D contour, and 2D representations of elliptic Jacobi solutions of 9 as dark compacton waveforms for 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 0.6.
14(𝑥, 𝑡) = ±
√

−𝜔
𝜅 X

𝜉2 coth

(
√

−𝜉1X
4𝜉1

𝜓

)

. (52)

The kink and singular Kink soliton profiles (51) and (52) are shown in 
Fig’s. 3 and 4.
Sub-case 2.2: If 𝜉1 > 0, X > 0. 

15(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 tan

(
√

𝜉1X
4𝜉1

𝜓

)

, (53)

16(𝑥, 𝑡) = ±
√

𝜔
𝜅 X

𝜉2 cot

(
√

𝜉1X
4𝜉1

𝜓

)

. (54)

The periodic solution profiles described in (54) are depicted in Fig.  5.
Case 3: When 𝜉4 =

𝜉2(4𝜉1𝜉3−𝜉22 )

8𝜉21
, 𝜉5 =

𝜉22 (16𝜉1𝜉3−5𝜉
2
2 )

256𝜉31
, yields the 

following the set as a solutions of system (34):

𝜇0 = ±
√

𝜔
𝜅 X

𝜉2, 𝜇1 = ±4
√

𝜔
𝜅 X

𝜉1, 𝛿 = −
𝑘2X + 8𝜔𝜉1

𝑛20 X
, (55)

where X = 8𝜉1𝜉3 − 3𝜉22 .
Substituting into (33) and applying (22)–(25) gives the hyperbolic 

and trigonometric solutions for (30): 

(𝑥, 𝑡) = 𝛹 (𝜓) = ±
√

𝜔
𝜅 X

𝜉2 + ±4
√

𝜔
𝜅 X

𝜉1𝛶 (𝜓). (56)

Sub-case 3.1: If 𝜉1 < 0, X < 0. 

17(𝑥, 𝑡) = ±
√

−2𝜔
𝜅 X

𝜉2 𝑠𝑒𝑐ℎ

(
√

2𝜉1X
4𝜉1

𝜓

)

. (57)

The profiles of the bright soliton solution given by (57) are depicted in 
Fig.  6.
5 
Sub-case 3.2: If 𝜉1 > 0, X > 0. 

18(𝑥, 𝑡) = ±
√

2𝜔
𝜅 X

𝜉2 𝑐𝑠𝑐ℎ

(
√

2𝜉1X
4𝜉1

𝜓

)

. (58)

The profiles of singular soliton solution (58) are illustrated in Fig.  7
Sub-case 3.3: If 𝜉1 > 0, X < 0. 

19(𝑥, 𝑡) = ±
√

−2𝜔
𝜅 X

𝜉2 𝑠𝑒𝑐

(
√

−2𝜉1X
4𝜉1

𝜓

)

, (59)

20(𝑥, 𝑡) = ±
√

−2𝜔
𝜅 X

𝜉2 𝑐𝑠𝑐

(
√

−2𝜉1X
4𝜉1

𝜓

)

. (60)

Case 4: Substituting 𝜉2 = 𝜉4 = 𝜉5 = 0 and 𝜉3 > 0 yields a solution to 
Eq. (34) in the following form: 

𝜇0 = 0, 𝜇1 = ±

√

2𝜔𝜉1
𝜅𝜉3

, 𝛿 = −
𝑘2𝜉3 + 𝜔
𝑛20𝜉3

, (61)

by substituting these values into Eq. (33) and employing Eq’s (26)–(28), 
the following solution for the generalized reaction Duffing Eq. (30) is 
derived: 

(𝑥, 𝑡) = 𝛹 (𝜓) = ±

√

2𝜔𝜉1
𝜅𝜉3

𝛶 (𝜓). (62)

21(𝑥, 𝑡) = ±

√

2𝜔𝜉1𝜉3
𝜅

4𝜌
(

4𝜌2𝑒
√

𝜉3𝜓 − 𝜉1𝜉3𝑒−
√

𝜉3𝜓
) , (63)

the profiles of Breather waves solution (63) are illustrated in Fig.  8.
By taking 𝜉1 = − 4𝜌2

𝜉3
, solution Eq. (63) reduces to 

22(𝑥, 𝑡) = ±1
√

𝜔𝜉1𝜉3 𝑠𝑒𝑐ℎ(−
√

𝜉3𝜓), (64)

𝜌 2𝜅
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Fig. 3. 3D, 2D contour, and 2D representations of 13 as kink soliton solutions for 𝜔 = −1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 0.6.

Fig. 4. 3D, 2D contour, and 2D representations of 14 as a singular kink soliton for 𝜔 = −1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 2.6.

Fig. 5. 3D, 2D contour, and 2D representations of 16 as periodic solutions for 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 1.6.

Fig. 6. 3D, 2D contour, and 2D representations of 17 as a bright soliton for 𝜔 = −1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 0.6.
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Fig. 7. 3D, 2D contour, and 2D representations of 18 as a singular soliton form for 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.5, 𝑛0 = 0.8, and 𝑘 = 1.6.
Fig. 8. 3D, 2D contour, and 2D representations of 21 as breather waveforms for 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝜌 = 0.3, 𝑛0 = 0.8, and 𝑘 = 0.6.
while by taking 𝜉1 = 4𝜌2
𝜉3
, solution Eq. (64) reduces to 

23(𝑥, 𝑡) = ±1
𝜌

√

𝜔𝜉1𝜉3
2𝜅

𝑐𝑠𝑐ℎ(−
√

𝜉3𝜓). (65)

Graphical representation and its behavior

The purpose of this study is to use MATLAB as a computational tool 
to investigate the graphical characteristics of the generalized reaction 
Duffing model. The evolution of wave propagation over time at various 
velocities is depicted using a variety of visual representations, such 
as 2D contour plots, 3D plots, and 2D graphs. The analysis takes into 
account a wide range of parameters for the pertinent variables and is 
conducted within the domains −20 ≤ 𝑥 ≤ 20 and 0 ≤ 𝑡 ≤ 20. The modu-
lus of the Jacobi elliptic function graphs is limited to the interval [0, 1]. 
Exploring the model’s graphical behavior in detail and highlighting 
the dynamics that arise from changing the model’s parameters are the 
main goals. In solving the equation, elliptic Jacobi functions, trigono-
metric functions, exponential functions, and hyperbolic functions are 
employed to capture the full range of solutions.

This section presents the behaviors and explanations of several ac-
quired solutions. Fig.  1 presents the elliptic Jacobi solutions as periodic 
waveforms for the parameters 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 
𝑛0 = 0.8, and 𝑘 = 0.6. The solutions exhibit oscillatory behavior, which 
is characteristic of elliptical functions, since their results are stable and 
periodic. The features indicate that the system lies between the wave 
propagation model and the nonlinear wave influence model, suggesting 
that many factors may interchangeably affect the forms of the waves. 
Fig.  2 illustrates the elliptic Jacobi solutions of 9 as dark compacton 
waveforms, characterized by parameters 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 
𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 0.6. The solution behavior 
demonstrates localized amplitude reductions, showcasing the compact 
support typical of dark compactons while maintaining stability during 
propagation. Fig.  3 illustrates the representations of   as kink soliton 
13

7 
solutions for the parameters 𝜔 = −1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 
𝑛0 = 0.8, and 𝑘 = 0.6. The solution behavior demonstrates distinct, 
sharp transitions indicative of kink formations, highlighting the inter-
play between the selected parameters and the stability of the soliton 
profile. These characteristics reveal the essential dynamics of the kink 
soliton solutions in the specified parameter space. Fig.  4 illustrates 
the representation of 14 as a singular kink soliton for the parameters 
𝜔 = −1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 = 2.6. A 
singular Kink soliton, featuring a sharp transition between two states 
and a localized wave profile associating with the soliton’s stability and 
persistence, exhibits the behavior of a Kink soliton. The nature of such 
kink solutions is unique in nonlinear dynamics, as seen in this behavior. 
Fig.  5 presents the representation of 16 as periodic solutions for the 
parameters 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 
𝑘 = 1.6. As periodic waveforms, they show the stability and recurrence 
characteristics one would expect for periodic waveforms in nonlinear 
dynamics and provide a potentially observed periodic soliton behavior. 
Fig.  6 illustrates the representation of 17 as a bright soliton for the 
parameters 𝜔 = −1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝑛0 = 0.8, and 𝑘 =
0.6. The bright soliton solution has a pronounced peak, showing that it 
is a localized wave packet that preserves its shape while propagating. 
The amplitude profile is stable and continuous and reveals a balance 
between nonlinearity and dispersion. The solution serves as a good 
representative of a coherent structure that travels without changing 
its form, which elucidates the basic features of bright solitons in the 
nonlinear wave dynamics. Fig.  7 presents the representation of 18 as a 
singular soliton solution for the parameters 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 
𝜉2 = 0.5, 𝜉3 = 0.5, 𝑛0 = 0.8, and 𝑘 = 1.6. Moreover, the observed 
singular soliton behavior exhibits sharp transition in the wave profile, 
where the steep singularities consist of localized peaks and minimal 
dispersion. This solution demonstrates the stability typical of singular 
solitons, maintaining its shape during propagation while exhibiting 
distinct features such as steep gradients at the edges. The impact of 
several variables on soliton amplitude and width, which characterize 
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Table 1

 Current solutions Existing solutions Reference 

 ±
√

Ω
𝜅X

𝜉2 𝑐𝑛

(
√

−𝜉1 (4𝜉1𝜉3−𝜉22 )

2𝜉1
𝜓, 𝜉2

2
√

(4𝜉1𝜉3−𝜉22 )

)

√

− 𝑞
𝑠

(

𝑆1 cos(
√

Ω𝜆𝜂)+𝑆2 sin(
√

Ω𝜆𝜂
𝑆1 cos(

√

Ω𝜆𝜂)−𝑆2 sin(
√

Ω𝜆𝜂

)

[40]  

 ±
√

Ω
𝜅X

𝜉2 𝑑𝑛

(

𝜉2
4
√

−𝜉1
𝜓,

2
√

(4𝜉1𝜉3−𝜉22 )

𝜉2

)

√

−2𝑞𝑚𝑛
𝑠

sec
(
√

−ℎ(𝜈)
)

[41]  

 ±
√

Ω
𝜅X

𝜉2 𝑠𝑛

(
√

−𝜉1 (16𝜉1𝜉3−5𝜉22 )

4𝜉1
𝜓, 𝜉2

√

−(16𝜉1𝜉3−5𝜉22 )

)

√

−2𝑞𝑚𝑛
𝑠

csc
(
√

−ℎ(𝜈)
)

[41]  

 ±
√

−Ω (16𝜉1𝜉3−5𝜉22 )
𝜅X

𝑛𝑠

(
√

−𝜉1 (16𝜉1𝜉3−5𝜉22 )

4𝜉1
𝜓, 𝜉2

√

−(16𝜉1𝜉3−5𝜉22 )

)

√

𝑞
𝑠𝜆Ω

(

𝑆1

𝜂𝑆1+𝑆2

)

[40]  

The above-mentioned table is presenting the comparison of obtained and existing solutions.
the intricate dynamics of wave interactions in this context, is shown. 
Fig.  8 illustrates the representation of 21 as breather waveforms for the 
parameters 𝜔 = 1.5, 𝜅 = 1.2, 𝜉1 = 1, 𝜉2 = 0.5, 𝜉3 = 0.7, 𝜌 = 0.3, 𝑛0 = 0.8, 
and 𝑘 = 0.6. Breather soliton solutions display oscillatory behavior and 
have localized temporal peaks that fluctuate, illustrating the dynamic 
interaction between wave amplitude and forward wave propagation. 
The stability and durability of these breather solitons highlight their 
significance in nonlinear wave processes.

The diversity of soliton solutions is helpful for future research, 
as it reduces the complexity of systems used in several scientific do-
mains, such as fluid dynamics, optical fibers, and condensed matter 
physics, hence facilitating advancements in practical and theoretical 
development.

Comparison

This section will present the comparison of obtained results with ex-
isting solutions (see Table  1). The above-mentioned table is presenting 
the comparison of obtained and existing solutions.

Chaotic analysis

In this section, the chaos analysis will be discussed because the 
chaotic analysis of differential systems provides valuable insights into 
the behavior of complex systems, enhancing our ability to predict, con-
trol, and optimize processes across various scientific and engineering 
domains. Recently, Wang et al. [47] presented the chaotic analysis 
for modified Camassa–Holm equation and displayed quasi-periodic and 
chaotic behaviors of the system and explained their applicability. For 
discussing the chaotic analysis of the studied equation, consider 𝛹 ′ = 𝐺
and Eq. (32), with perturbation term can be expressed as follows: 
𝑑𝛹
𝑑𝜓

= 𝐺,

𝑑𝐺
𝑑𝜓

= −
𝛹 (𝜔 + 𝜅𝛹 2)
𝜅2 + 𝛿𝑛20

+𝛺(𝜓),
(66)

where 𝛺 = 𝛼 cos 𝛽𝑡 is a perturbation term, and represents the outward 
periodic force, 𝛼 and 𝛽 depict the frequency and intensity of periodic 
phrase respectively. In our research, we observed chaotic behavior in 
system (66), characterized by unpredictable time-dependent trajecto-
ries diverging from regular patterns. To detect chaos, we employed 2D 
phase portrait, Poincare map, and time series analysis by giving the 
values of the suitable parameters. The graphs for the dynamical system 
(66), are shown in Figs.  9 and 10.

Conclusion

In this study, we construct novel traveling wave solutions for the 
generalized reaction Duffing model using the Kumar–Malik approach. 
This strategy consistently yields more thorough, creative, and precise 
solutions than other approaches, exhibiting notable advantages. In 
conclusion, a variety of soliton solutions have been established, such 
8 
as breather waves, bright solitons, periodic wave solutions, dark com-
pacton wave solutions, kink waves, singular kink waves, and singular 
shape soliton solutions.  Graphical representations of these traveling 
wave solutions are provided, with their accuracy confirmed using a 
basic computational program in MATLAB 2022. Both 2D and 3D visu-
alizations effectively illustrate the dynamic behavior of the observed 
solutions. The established wave solutions exhibit greater generality 
than those previously reported in the literature, with distinct parameter 
values identified and several known solutions recovered. Furthermore, 
the effect of varying the 𝑘 parameter, which indicates soliton velocity, 
is clearly illustrated. This study highlights the efficiency, clarity, coher-
ence, and consistency of the Kumar–Malik method, revealing several 
novel traveling wave solutions that have not been observed before. 
The proposed methodology also allows for the assessment of stability 
and applicability in other nonlinear evolution equations, suggesting 
further research opportunities. The dynamics of the model under slight 
variation have been rigorously investigated by the inclusion of per-
turbation terms and a rigorous definition of initial conditions in the 
chaotic analysis. Future applications of this approach may extend to 
exploring traveling wave solutions in quantum mechanics, engineering, 
neurology, and ophthalmology. The effectiveness of the Kumar–Malik 
method in obtaining exact solutions has been validated across various 
studies. The researchers could look into and use this study further to 
visualize additional dynamical characteristics of the physical processes. 
The power spectrum and return map tools can be used in future studies 
to examine the model in further detail. Breathers, rogue waves, nu-
merous solitons, and their interaction can all be described by different 
processes, including the Hirota bilinear technique.
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Fig. 9. Plots for chaos in system (66) using 2D phase portrait, time analysis and Poincare maps with 𝜅 = 1.5, 𝛿 = .01, 𝑛0 = .9, 𝜔 = .2, and taking the initial conditions (0.02, 0.089).
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Fig. 10. Plots for chaos in system (66) using 2D phase portrait, time analysis and Poincare maps with 𝜅 = 1.5, 𝛿 = .01, 𝑛0 = .9, 𝜔 = .2, and taking the initial conditions (0, 0.078).
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